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Abstract
Some initial-boundary-value problems for a system of quasilinear partial differential equations
of gas dynamics with the initial data prescribed on the characteristic surface (characteristic Cauchy
problem) are considered. The following three-dimensional flow problems are investigated: the flow
produced by a motion of an impermeable piston; the flow produced by a permeable piston with a
given pressure; and the flow produced by the moving free boundary. In the first two problems, the
piston motion is prescribed; in the last problem, the free boundary motion cannot be prescribed in
advance and must be determined as a part of the problem. It is shown that those problems can be
reduced to a characteristic Cauchy problem of a certain standard type that satisfies the analog of
Cauchy–Kowalewski’s existence theorem in the class of analytical functions (Differential Equations
12 (1977) 1438–1444). Thus, it is proved that, in the case of the analyticity of the input data, the
considered problems have unique piecewise analytic solutions which may be expressed by infinite
power series (the procedure of constructing the power series solution is described in Differential
Equations 12 (1977) 1438–1444 as a part of the proof of the theorem).
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Solutions of quasilinear systems of partial differential equations can be represented in
some neighborhood of the characteristic surface as characteristic series [5]. In the case,
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a solution is not uniquely determined unless certain additional conditions are imposed.
Thus, a solution of a characteristic Cauchy problem (CCP) can satisfy additional boundary
conditions and this fact can be used to enrich the physical problem formulation. In
particular, the initial manifold can be a surface of a weak discontinuity which enables one
to build a solution in the form of a compound function representing a combination of two
different solutions of the initial system that are continuously adjoined at the characteristic
surface (but there exist discontinuities in the derivatives in the direction normal to the
surface).
In the case of a system of quasilinear partial differential equations of gas dynamics,
this allows one to obtain a solution with some desired properties by matching it with a
proper background flow (BF). For example, a prescribed distribution of the gas density, or
the gas velocity, at a certain instant of time can be assigned (the distributions of the other
gas-dynamic parameters will then be uniquely defined). Such solutions can be used for
mathematical description of the process of shockless isentropic compression of an ideal
gas to a prescribed density value (including compression to infinite density) [3], which is
of interest in relation to the problem of laser thermonuclear fusion (see, e.g., [7]). Optimal
laws of motion for pistons, which provide shockless strong compression of the gas, can be
chosen on the basis of the solutions.
The method of characteristic series has been used to solve the gas dynamics bound-
ary value problems in several papers—see review in [3]. Mostly, the one-dimensional and
two-dimensional problems of an ideal gas flow were considered. Application of charac-
teristic series in the hodograph space to the three-dimensional problems of potential flows
produced by a smooth motion of a piston was considered in [9,13]. In those works, a proce-
dure for constructing the series was shown but the questions related to the convergence of
the series were not studied. The use of approximate solutions obtained from short sections
of a characteristic series in some three-dimensional problems, such as the propagation of
shock waves in a uniform background and the outflow of a gas into a vacuum, was made
in [10]. The three-dimensional problems of the decay of an arbitrary discontinuity on a
curvilinear surface and the contact discontinuity propagation in an ideal gas were consid-
ered in [11,12].
The basic question in constructing solutions of a CCP is a convergence of characteristic
series. The general theorem (an analog of Cauchy–Kowalewski’s existence theorem)
establishing local convergence of characteristic series for a CCP of a certain standard type
for a quasilinear hyperbolic system was proved in [1]. The theorem guarantees a local
convergence of the characteristic series in the neighborhood of a point where analytical
initial and boundary conditions were specified. The convergence of the characteristic series
is established by the classical method of majorants. A general character of the theorem
enables one to apply it to a very wide class of gas dynamics problems but the application
is valid only if a possibility of reduction of a problem to a CCP of standard type can be
proved (see, e.g., [2]).
In the present paper, the most general three-dimensional unsteady flows of a normal gas
are considered. The following problems are studied under the assumption of analyticity
of input data: the flow produced by an impermeable piston moving smoothly; the flow
produced by a permeable piston with a given pressure; and the flow produced by the
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which the solution matches a BF at a characteristic surface. Solutions of the problems are
constructed in the region between the characteristic and the piston or free boundary. In the
first two problems, the piston motion is prescribed; in the last problem, the free boundary
motion cannot be prescribed in advance and must be determined as a part of the problem.
The main aim of this paper is to prove that those problems can be reduced to a CCP of
standard type formulated in [1], and thus solutions of the problems can be expressed by
infinite convergent series.
The procedure of constructing the power series solution is described in [1] as a part of
the proof of the theorem. Thus, having reducibility of a problem to a CCP of standard type
established, the solution of the problem can be represented as an infinite series, and the
coefficients satisfying recursion relations can be obtained. In this paper, we do not analyze
the structure of the coefficients of the series restricting ourselves to proving the theorems
that establish a reducibility of the problems to a CCP of standard type. Even the proofs
are laborious in the case of general three-dimensional flows—rather complicated changes
of variables and transformations are needed to convert the problems into the forms, for
which a verification of the conditions for a Cauchy problem to be a CCP of standard type
can be implemented. We also leave aside some other aspects of the problem, such as the
domain of existence of the solution and its dependence on the parameters of the solution
and the BF.
The paper is organized as follows.
In Section 2, a CCP of standard type is formulated and the method of reduction of
the problems under consideration to a CCP of standard type is outlined. In Section 3, the
system of equations and the changes of variables are introduced. In the basic Section 4, the
proofs of reducibility of the problems under consideration to a CCP of standard type are
presented. Section 5 contains some comments on the method used and prospects for future
work.
2. Outline of the method
We will outline the main points of the method for constructing power series solutions
of the problems under consideration.
(1) By change of independent variables, some surfaces distinguished by the problem
formulation are chosen as coordinate planes.
(2) The system of equations of gas dynamics is written in the variables ρ,u,p (density,
velocity, pressure) to simplify satisfying the conditions on the boundary surfaces. The pro-
jections of the gas velocity vector u on the tangent plane and the normal to the surface are
taken as new variables, instead of the u components, to make writing the impermeability
condition on the fixed surface more convenient. In the works [11,12], another represen-
tation for the velocity vector is suggested, which leads to an enlargement of a number of
equations in the system.
(3) In some problems, the surfaces serving as coordinate planes, at which some
boundary conditions are prescribed, are unknown in advance and are determined in the
process of the solution construction. In such cases, it is convenient to formulate differential
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initial system of differential equations. Then a solution of the extended differential problem
determining both the solution of the initial problem (the flow field) and the boundary
surfaces is constructed.
(4) The basic point of the solution construction is verification of the fact that the
formulated differential problem represents (or can be reduced to) a CCP of standard
type [1]. In the case of a positive answer, a necessity for describing the procedure of
construction of the infinite series solution and proving the convergence of the series falls
away—these are provided by the theorem from [1] (see also [3]).
It is appropriate here to present in short the results of the work [1] where the conditions
for a Cauchy problem to be a CCP of a certain standard type are given and a theorem
(an analog of Cauchy–Kowalewski’s existence theorem) establishing the convergence of
characteristic series for a CCP of such a standard type is proved. We will present those
results in the form conformed to our needs (a more general formulation can be found
in [1]).
Consider the quasilinear system of partial differential equations
B1Uθ +B2Uη + F = 0 (1)
with the initial conditions
U|θ=0 = U0. (2)
Here the components u1, . . . , um of the vector U are unknown functions of the independent
variables (θ, η, ξ1, ξ2), B1 and B2 are (m × m)-matrices, whose elements depend on
(θ, η, ξ1, ξ2) and u1, . . . , um, and F is an m-vector whose components depend on the
independent variables and unknown functions and may also depend quasilinearly on
derivatives of U with respect to ξ1 and ξ2. We state that the Cauchy problem (1)–(2), with
some additional conditions imposed on a part of components of the vector U at η= 0, is a
CCP of standard type if the following is valid:
The elements of the matrices B1 and B2 and the components of the vectors F and U0
are analytical functions of their arguments in some neighborhood of the considered point.
The determinant of the matrix B1, for θ = 0 and U = U0 vanishes in some neighborhood
of the considered point.
It follows from this condition that problem (1)–(2) is a characteristic Cauchy problem.
In some neighborhood of the considered point, the rank r of the matrix B10 =
B1|θ=0,U=U0 is constant.
This implies that for the initial condition (2) the surface θ = 0 will be a characteristic of
multiplicity q =m− r .
The nonsingular (m × m)-matrices T1 and T2, with elements depending only on the
independent variables, can be chosen such that the matrix T1B10T2 will be of the form
T1B10T2 =
(
B ′10 0
0 0
)
,
whereB ′10 is an (r×r)-matrix with the nonzero determinant. In the matrix T1B20T2 (where
B20 = B2|θ=0,U=U0 ), the determinant of the (q × q)-matrix in the bottom right corner is
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components of the vector T −12 U and they may depend on both the independent variables
and the values of the r first components of the vector T −12 U at η = 0.
If all the above stated is valid, problem (1)–(2) is said to be a CCP of standard type. In
accordance with the theorem proved in [1] the problem has a unique analytic solution in
some neighborhood of the considered point that is expressed by infinite convergent series
(the procedure of constructing the power series solution is described in [1] as a part of the
proof of the theorem).
Despite the fact that verification of the above stated conditions for a Cauchy problem
to be a CCP of standard type is rather laborious, in the present work, all the calculations
related to such a verification have been made in explicit form.
3. Equations and change of variables
A system of equations of gas dynamics is written in the form [6,8]
ρt + u · ∇ρ + ρ div u = 0,
ut + (u · ∇)u +∇p/ρ = 0,
pt + u · ∇p+ ρc2(ρ,p)div u = 0. (3)
Here t is time, x = {x, y, z} is a vector of space variables, ρ is the gas density, u = {u,v,w}
is the vector of gas velocity, p is the pressure, a · b is an inner product of a and b,
∇ = {∂/∂x, ∂/∂y, ∂/∂z}. It is assumed that c(ρ,p) is an analytic function of its arguments
in some neighborhood of a point (ρ = ρ0,p = p0) and that ρ > 0, p > 0.
For a given solution U = U0(x, t) = {ρ0,u0,p0}, system (3) has five characteristics:
two sonic characteristics C+,C− (each of multiplicity one) and a contact characteristic
C0 (of multiplicity three) [6,8]. Let at t = 0 the sonic characteristic C+ coincides with a
two-dimensional surface α0 in R3(x) defined by the equation
α0: x = ϕ0(ξ). (4)
Here ϕ0 = {ϕ10(ξ), ϕ20(ξ ), ϕ30(ξ )}, ξ = {ξ1, ξ2}, ϕi0(ξ ), i = 1,2,3, are analytic functions
of ξ in some neighborhood of a point ξ = ξ0, ϕ0(ξ0) = x0. The vector ϕ0ξ1 × ϕ0ξ2 is
normal to the surface (4) at the point ξ . It is assumed that A00 = |ϕ0ξ1 ×ϕ0ξ2| = 0 in some
neighborhood of the point ξ = ξ0.
It is convenient to take a parametric representation of the sonic characteristics C± in the
form
x = ϕ(ξ , η), t = η, (5)
where the vector ϕ = {ϕ1, ϕ2, ϕ3} is a solution of the following problem:
ϕη = u0 ± c0n, ϕ(ξ ,0)= ϕ0(ξ ). (6)
Here u0 and c0 are determined from the given background solution U0, with ϕ and η
substituted instead of x and t , respectively; n = (ϕξ × ϕξ )/|ϕξ × ϕξ | is a unit normal1 2 1 2
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in the form (5), (6) is equivalent to the traditional one (see, e.g., [6,8]).
The corresponding parametric representation for a surface C of a moving piston will be
x =ψ(ξ , θ), t = θ, (7)
where ψ = {ψ1,ψ2,ψ3}. It is assumed that at t = 0 the surface C coincides with the
surface α0:
ψ(ξ ,0)= ϕ0(ξ ). (8)
In the case when a law of motion for a piston is prescribed, the functions {ψ1,ψ2,ψ3} are
known; in the case of the free boundary problem when a law of motion is not prescribed,
the vector ψ is defined as a solution of the system of equations
ψθ = u(ψ, θ) (9)
with the initial conditions (8).
Anticipating a little, we should note that, as a result of change of variables introduced
below, the derivatives of ψ with respect to ξ1, ξ2 will appear in the coefficients of the
transformed system (3). Therefore, in the case when the vector ψ is unknown, it is
convenient to introduce the extended vector  = {ψ1,ψ2,ψ3, f1, f2}, where f1 = ψξ1 ={ψ4,ψ5,ψ6}, f2 =ψξ2 = {ψ7,ψ8,ψ9} to preserve a quasilinearity of the system. Then the
relations
f1θ = ∂
∂ξ1
[
u
(
ψ(ξ , θ), θ
)]
, f2θ = ∂
∂ξ2
[
u
(
ψ(ξ , θ), θ
)]
, (10)
f1(ξ ,0)= ϕ0ξ1(ξ), f2(ξ ,0)= ϕ0ξ2(ξ) (11)
are added to problem (9)–(8).
We make the change of variables
x = ϕ(ξ , η)+ψ(ξ , θ)− ϕ0(ξ )= x(ξ , η, θ), t = η+ θ, (12)
and consider U = U(ξ , η, θ) to be a function of the new variables. It is evident that the
coordinate planes θ = 0 and η= 0 in the space of the new variables correspond to surfaces
(5) and (7) in the physical space, and the surface α0 in R3(x) corresponds to the coordinate
plane (ξ1, ξ2). Since ψ does not depend on η, the values of u in relations (9) and (10) are
taken at η= 0.
The Jacobian of transformation (12) can be written as a triple scalar product J = (x1,x2,
ϕη − ψθ ), where x1 = xξ1 , x2 = xξ2 . Since J |α0 = ±c00A00 = 0, c00 = c0|t=0 = c|α0 ,
transformation (12) is nonsingular in some neighborhood of the point (ξ = ξ0, η = 0,
θ = 0).
As a result of change of variables (12), system (3) is transformed to
£ρ + ρ[(uξ1 ,x2,ϕη −ψθ )− (uξ2,x1,ϕη −ψθ )+ (uη − uθ ,x1,x2)]= 0,
£u+ (dp,dy,dz)/ρ = 0,
£v − (dp,dx,dz)/ρ = 0,
£w+ (dp,dx,dy)/ρ = 0,
£p+ ρc2[(uξ1,x2,ϕη −ψθ )− (uξ2 ,x1,ϕη −ψθ )+ (uη − uθ ,x1,x2)]= 0, (13)
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£ = L1 ∂
∂ξ1
+L2 ∂
∂ξ2
+L3 ∂
∂η
+L4 ∂
∂θ
,
L1 =−(x2,ϕη,ψθ )+ (u,x2,ϕη −ψθ ),
L2 = (x1,ϕη,ψθ )− (u,x1,ϕη −ψθ ),
L3 =−(ψθ ,x1,x2)+ (u,x1,x2),
L4 = (ϕη,x1,x2)− (u,x1,x2),
d =
{
∂
∂ξ1
,
∂
∂ξ2
,
∂
∂η
− ∂
∂θ
}
. (14)
Equations of motion, i.e., the second, the third, and the fourth equations of system (13)
can be written in the vector form
£u+ [(pξ1x2 −pξ2 x1)× (ϕη −ψθ )+ (pη − pθ)x1 × x2]/ρ = 0. (15)
Next, new unknown functions u1, v1,w1 are introduced instead of u,v,w, as follows:
u1 = (u,x1,x2)/A,
v1 = (u,x2,x1 × x2)/A,
w1 = (u,x1 × x2,x1)/A, (16)
where A= |x1 × x2|. Then
u = (u1x1 × x2 + v1x1 +w1x2)/A. (17)
Since A|θ=η=0 = A00 = 0, the transformation from u,v,w to u1, v1,w1 is one-to-one in
some neighborhood of the point (ξ = ξ0, η = 0, θ = 0). The main reason for introducing
the new variables u1, v1,w1 is that, at η = 0, u1 is a component of the vector u that is
normal to a section α of surface (7) by the plane t = const, and u2 and u3 are components
tangent to α. Thus, the nonflowing condition on surface (7) can be written in the form
u1|η=0 =
[
(ψθ ,x1,x2)/A
]∣∣
η=0 = (ψθ ,ψξ1,ψξ2)/|ψξ1 ×ψξ2 | =ψθ · n|η=0, (18)
where n = (x1 × x2)/|x1 × x2|. In view of (12), x|θ=0 are independent of ψ , so that
specifying initial conditions for u,v,w at θ = 0 is equivalent to specifying initial condi-
tions for u1, v1,w1 at θ = 0.
The relations (x1 × x2,x1,x2) = A2 and (u,x1,x2)/A = u1 imply that J div u =
(u1η − u1θ )A + g, where the function g does not contain derivatives of u1, v1, and w1
with respect to η and θ.
To rewrite system (13) in the variables ρ,u1, v1,w1,p, we first take a scalar product of
(15) by x1 × x2 to obtain for u1:
£u1 + (pη − pθ)A/ρ + (x1 × x2) ·
[
u1£(x1 × x2)+ v1£x1 +w1£x2
]/
A2
− u1(£A)/A+ (ϕη −ψθ ,x1 × x2,pξ1x2 − pξ2x1)/(ρA)= 0,
and then we multiply (15) by x2 × (x1 × x2) and (x1 × x2)× x1 to obtain similar equations
for v1 and w1. Such transformations are admissible since A00 = 0. As a result, instead
of (13) we get the following system:
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£u1 + (pη − pθ)A/ρ + (x1,x2,τ 1)− u1(£A)/A+ (x1,x2,τ 2)= 0,
£v1 + (x2,x1 × x2,τ 1)− v1(£A)/A+ (x2,x1 × x2,τ 2)= 0,
£w1 + (x1 × x2,x1,τ 1)−w1(£A)/A+ (x1 × x2,x1,τ 2)= 0,
£p+ ρc2(u1ηA− u1θA+ g)= 0. (19)
Systems (9) and (10) are replaced by the following system:
ψθ =
[
(u1x1 × x2 + v1x1 +w1x2)/A
]∣∣
η=0,
fiθ =
{[
u1ξix1 × x2 + v1ξix1 +w1ξix2 + u1(x1 × x2)ξi + v1x1ξi
+w1x2ξi − (u1x1 × x2 + v1x1 +w1x2)Aξi /A
]/
A
}∣∣
η=0, (20)
where i = 1,2 and
£ = L1 ∂
∂ξ1
+L2 ∂
∂ξ2
+L3 ∂
∂η
+L4 ∂
∂θ
,
L1 =−(x2,ϕη,ψθ )+ (u1x1 × x2 + v1x1,x2,ϕη −ψθ )/A,
L2 = (x1,ϕη,ψθ )− (u1x1 × x2 +w1x2,x1,ϕη −ψθ )/A,
L3 =−(ψθ ,x1,x2)+ u1A,
L4 = (ϕη,x1,x2)− u1A,
τ 1 =
[
u1£(x1 × x2)+ v1£x1 +w1£x2
]/
A2,
τ 2 = (pξ1x2 − pξ2x1)× (ϕη −ψθ )/(ρA). (21)
Here ϕ (and so its derivatives) are assumed to be known. System (20) is of no use if
the vector ψ is known, and, in the case when ψ is unknown, systems (19) and (20) are
quasilinear in U = {ρ,u1, v1,w1,p} and  = {ψ1,ψ2,ψ3, f1, f2}.
System (19) has form (1) where the matrices B1 and B2 are
B1 =


L4 −ρA 0 0 0
0 L4 0 0 −A/ρ
0 0 L4 0 0
0 0 0 L4 0
0 −ρc2A 0 0 L4

 ,
B2 =


L3 ρA 0 0 0
0 L3 0 0 A/ρ
0 0 L3 0 0
0 0 0 L3 0
0 ρc2A 0 0 L3

 .
In Section 4, the initial conditions for system (1) will be specified according to the
specific flow problems considered and it will be shown that the corresponding problems in
terms of θ, η, ξ = {ξ1, ξ2}, U = {ρ,u1, v1,w1,p} are CCPs of standard type.
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4.1. An impermeable piston problem
Let, at t = 0, locally analytic distributions of the gas parameters U = {ρ,u,p}|t=0 =
U00(x) are given in some neighborhood of the point ξ = ξ0 on one side of the surface
α0. By virtue of the Cauchy–Kowalewski theorem [5] they define uniquely at 0  t  t0,
t0 > 0, a solution U0 of system (1); in what follows, this solution will be named a
background flow (BF). Having the BF defined the sonic characteristics C± can be uniquely
determined in form (5) as a solution of problem (6).
Let the surface α0 moves (according to a given law) starting at the moment t = 0 and
forming surface (7) which is considered to be an impermeable piston C. At t = 0 the piston
velocity matches the BF, i.e., the normal component of the velocity of α0 coincides with a
projection of the vector u00 on the normal to C. Since the surface C is located between the
characteristics C+ and C−, only one of two sonic characteristics propagates into the flow
area (it is assumed that c00 > 0) so that only this one is considered in what follows. The
problem consists in constructing for t  0 a solution of system (3) in the region between
the sonic characteristic and the piston which would satisfy the following conditions: (i) on
the considered sonic characteristic (in what follows, we will take C+ to be specific) the
solution coincides with the BF; (ii) the normal component of the gas velocity vector at the
piston equals the normal velocity of the piston.
In terms of the variables θ, η, ξ = {ξ1, ξ2}, U = {ρ,u1, v1,w1,p} the problem is formu-
lated, as follows. Let the initial condition
U|θ=0 = U0(ξ , η) (22)
is set on the sonic characteristic θ = 0 and the vectors ϕ and ψ satisfying conditions (6),
(8), (9) are given; the values of U0 and ψ are compatible at θ = η= 0, i.e.,
u1|η=θ=0 =
[
(ψθ ,ψξ1,ψξ2)/|ψξ1 ×ψξ2 |
]∣∣
θ=0. (23)
It is required to construct solution of system (19) satisfying conditions (22) and (18).
Theorem 1. Problem (19), (22), (18) is a CCP of standard type.
Proof. It follows from the formulae (6), (8), (9), (12), (21)–(23) that
L4|θ=0 = L40 =±c0A0, L3|η=0 = 0, (24)
whereA0 =A|θ=0. Hence detB10 = 0, r = 4, q = 1. Since the boundary condition is given
for u1, we renumber the unknown functions (components of the vector U) and consider the
vector V = {ρ,p, v1,w1, u1} instead of U. The matrices B1 and B2 and the vector F are
rearranged correspondingly to obtain
B3Vθ +B4Vη + F1 = 0,
where
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

L4 0 0 0 −ρA
0 −A/ρ 0 0 L4
0 0 L4 0 0
0 0 0 L4 0
0 L4 0 0 −ρc2A

 ,
B4 =


L3 0 0 0 ρA
0 A/ρ 0 0 L3
0 0 L3 0 0
0 0 0 L3 0
0 L3 0 0 ρc2A

 .
The (4 × 4)-submatrix in the upper left corner of the matrix B30 = B3|θ=0 has a nonzero
determinant. As matrices T1(ξ , η) and T2(ξ , η), which will be used for transformation of
the system, we will choose the following matrices:
T1 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 A0ρ0c20 0 0 L40

 , T2 =


1 0 0 0 ρ0A0
0 1 0 0 A0ρ0c20
0 0 1 0 0
0 0 0 1 0
0 0 0 0 L40

 .
It is readily checked that the matrices T1 and T2 are nonsingular. In the matrix
T1B30T2, the fifth row and the fifth column consist of zeros. There is a nonzero element
(2A0ρ0c20L
2
40)|η=0 in the right bottom corner of the matrix (T1B4T2)|θ=η=0. The fifth
element of the vector R = T −12 V is r5 = u1/L40 and hence assigning condition (23) is
equivalent to assigning an appropriate condition for r5. Thus, problem (19), (22), (18) of
the gas flow produced by an impermeable piston is a CCP of standard type. ✷
4.2. A problem of a permeable piston with a given pressure
This problem arises due to the fact that, in some physical experiments, it is easiest
simply to maintain the necessary pressure at a given surface. So we need to supplement
problem (19), (22) with given ϕ and ψ by the boundary condition
p|η=0 = χ(ξ , θ), χ(ξ ,0)= p00, (25)
where the given pressure χ(ξ , θ) conforms to that of the BF at t = 0. It is required to
construct a solution of system (1) for t  0 in the region between the sonic characteristic
and the piston, which continuously matches the BF on the sonic characteristic according
to (22) and takes a prescribed value of pressure on the piston according to condition (25).
Since, in general, the condition of impermeability will not be satisfied on the surface C for
a given ψ , problem (19), (22), (25) is named the “permeable piston problem.” In this case,
piston (7) may be treated as a surface at which a source or sink of mass exists.
Solution of this problem will be also used in the “free boundary problem” (Section 4.3)
where ψ is chosen in that unique way which enables one to satisfy the impermeability
condition.
Theorem 2. Problem (19), (22), (25) is a CCP of standard type.
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matrix T1 defined in Section 4.1 and the matrix
T3 =


1 0 0 0 ρ0
0 1 0 0 L40/A0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 ρ0c20


as transformation matrices, the matrix T1B10T3 will have the required property. The
boundary condition at η = 0 is set for the fifth element of the vector T −13 U, i.e., for
p/(ρ0c20), which is equivalent to setting condition (25). The bottom right element of the
matrix (T1B20T3)|θ=η=0 is nonzero if
−L3|θ=η=0 = L40|η=0. (26)
Thus, the problem of a permeable piston with a given pressure is a CCP of standard type,
provided that condition (26) is valid. ✷
Condition (26) is equivalent to the following condition:
(ψθ · n0)|θ=0 = (ϕη · n0)|η=0,
where n0 is a normal to the surface α0. This relation shows that at t = 0 the normal velocity
of the piston does not coincide with (which, with allowance for location of the surfaces
C+ and C− relative each other, means ‘does not exceed’) the normal velocity of the sound
characteristic. Thus, (26) is a condition for a shock wave not to form at t = 0—the piston
does not pass ahead of the sonic characteristic, at least for small t .
4.3. A free boundary problem
Let us consider a piston at which the pressure value is prescribed, but the law of the
piston motion is not known and is to be determined from the requirement that the condition
of impermeability is satisfied at the piston surface. This problem is named a “free boundary
problem” in gas dynamics [8] since such a piston behaves in the same way as a free
boundary. The problem, as compared with the previous one, involves one more arbitrary
function, the law of the piston (free boundary) motion, but, at the same time, one more
condition, the impermeability condition, is to be satisfied.
Thus, the problem is formulated, as follows. It is required to find  and U, satisfying
Eqs. (20), (19), (8), (11), (22), (25). Equations (20), (8), (11) provide a validity of the
condition of impermeability on the piston. Conditions (25) may be generalized to
p|η=0 = χ(ξ , θ,, ρ,u1, v1,w1)|η=0, χ |η=θ=0 = p00.
The differential system for X = {,U} has the form
D1Xθ +D2Xη + F2 = 0, (27)
where
D1 =
(
I O
O B
)
, D2 =
(
O O
O B
)
.1 2
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of proper dimensions. The matrices
T4 =
(
I O
O T1
)
, T5 =
(
I O
O T3
)
,
where T1 and T3 are the transformation matrices used in the previous problem, may be
taken as the transformation matrices for system (27). We will not show the remaining
calculations needed for verification of the conditions for the problem to be a CCP of
standard type as they practically repeat calculations from the previous problem. As a result,
it is shown that the formulated problem is a CCP of standard type.
Remark 1. In all the above considered problems, the relation L240 = c20A20 has been used
instead of condition (24) for L40. Hence, it does not matter which characteristic, C+ or
C−, is considered—the transformation matrices specified in the above problems can be
used in both cases.
5. Concluding remarks
In the present work, we have proved the theorems which guarantee the existence and
uniqueness of analytic solutions of several CCPs in some neighborhood of a considered
point for the most general case of three-dimensional unsteady flows of a normal gas.
The method used relies on the results of the work [1] where the existence of a solution
is established for a CCP of a certain standard type, for which the analog of Cauchy–
Kowalewski’s existence theorem in the class of analytical functions is proved. Therefore
the basic point of our method is verification of the fact that the formulated differential
problem can be reduced to a CCP of standard type. In order to have a possibility to prove
that all the conditions for a problem to be a CCP of standard type are valid, the problem
should be converted into a proper form. Thus, transforming the initial equations to new
independent and dependent variables, which includes extending the list of variables to
preserve the quasilinearity of the system, represents another (and not less important) part
of the method, which precedes verification of reducibility to a CCP of standard type.
If, for a problem under consideration, its reducibility to a CCP of standard type is
proved, there is no need in describing the procedure of construction of the infinite series
solution and proving the convergence of the series—these are provided by the theorem
from [1]. Using the methods of [3] one can study the convergence domain of this series. For
some one-dimensional and two-dimensional CCPs it has been proved that, for specific BFs,
the convergence domain may be unbounded in the time variable. The recursion relations
for the coefficients of the series can be obtained and the structure of the coefficients can
be analyzed. The questions related to the structure of the coefficients of the series and
the domain of existence of the solution are undoubtedly of interest and should be studied
to construct specific solutions of the problems on the basis of the results obtained in this
paper. These questions deserve separate consideration.
It is also of interest to apply the method developed in the present paper to some
other problems of unsteady three-dimensional flows of gas. For example, the problem of
Z. Olkha / J. Math. Anal. Appl. 280 (2003) 163–175 175obtaining prescribed distributions of gas parameters could be studied—this problem has
been considered in the one-dimensional formulation in [4]. As distinct from the problems
considered in this paper, in that problem, the piston will be in contact at the initial moment
only with the BF, which is an arbitrary element (such as, for example, a homogeneous
gas at rest). If the prescribed gas density distribution is discontinuous, the second flow
matching the first one at a characteristic surface is to be constructed. Generalizations to the
flows of the heat-conducting gas are also possible.
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